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Abstract. We study the effects of rotation on the quasi normal modes (QNMs)
of a newly born proto neutron star (PNS) at different evolutionary stages, until it
becomes a cold neutron star (NS). We use the Cowling approximation, neglecting
spacetime perturbations, and consider different models of evolving PNS. The
frequencies of the modes of a PNS are considerably lower than those of a cold
NS, and are further lowered by rotation; consequently, if QNMs were excited in a
sufficiently energetic process, they would radiate waves that could be more easily
detectable by resonant-mass and interferometric detectors than those emitted by
a cold NS. We find that for high rotation rates, some of the g–modes become
unstable via the CFS instability; however, this instability is likely to be suppressed
by competing mechanisms before emitting a significant amount of gravitational
waves.
1. Introduction
It has recently been shown [1] that, during the first minute of life of a proto-neutron
star (PNS) born in a gravitational collapse, the frequencies of its quasi normal modes
(QNMs) change. Indeed, the star cools down and contracts and its internal structure is
modified by neutrino diffusion and thermalisation processes. The evolutionary models
used in [1], developed in [2, 3], describe the stellar evolution in terms of a sequence
of equilibrium configurations; this quasi-stationary description has been shown to
become appropriate after a few tenths of seconds from the stellar birth. By solving
the equations of stellar perturbations it has been shown that the frequencies of all
QNMs of a newly born PNS are much smaller than those of the cold NS which forms
at the end of the evolution. In order to isolate the effects of the thermal and chemical
processes from those induced by rotation, in [1] all stellar models were assumed to be
non rotating. Subsequently, this study has been generalized to include rotation [4],
and to explore the possibility that the modes become unstable due to Chandrasekhar–
Friedman–Schutz (CFS) mechanism [5, 6, 7].
The CFS instability of the fundamental mode (f–mode) has been studied
extensively in the literature [8]-[16], and it has been shown to act at very high stellar
rotation rates, comparable to the break-up limit. Furthermore, unless the temperature
is very low viscous dissipation mechanisms tend to stabilise the f–mode instability. The
-˚mode instability has also been extensively studied in recent years, after Andersson
[17] discovered that it is generic for every rotating star. However, whether or not this
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instability removes a considerable amount of rotational energy from the star is still
matter of debate.
Since in the no rotation limit the g–modes have frequencies lower than that of the
f–mode, they may become unstable for relatively small values of the angular velocity.
This provides a good motivation for the study of CFS instability of g-modes, and
indeed it has been studied in [18] for zero temperature stars using the Newtonian
theory of stellar perturbations in the Cowling approximation. This study regarded a
particular class of g–modes for which the buoyancy, which provides the restoring force
for the modes, is due to the gradient of proton to neutron ratio in the interior of the
star.
In [4] we studied the onset of the CFS instability of the lowest g–modes of a newly
born, hot proto-neutron star, where the buoyancy is mainly due to the high entropy
and composition gradients that dominate the stellar dynamics. We used the relativistic
theory of stellar perturbations of a slowly rotating star in the Cowling approximation,
which is known to reproduce with a good accuracy the g–mode frequencies, because
such modes are associated with small gravitational perturbations.
We stress that today it is not definitely clear if CFS instability is relevant in newly
born neutron stars. This and other similar mechanisms could explain why we do not
observe pulsars spinning with periods of less than 5ms, which are predicted by most
stellar models. [19]
2. Formulation of the problem
We consider a relativistic star in uniform rotation with an angular velocity Ω so slow
that the distortion of its figure from spherical symmetry is of order Ω2, and can be
ignored. Following the approach of Hartle [20], we expand all equations with respect
to the parameter ε = Ω/ΩK , where ΩK =
√
M
R3
; we retain only first order terms O(ε).
On these assumption, the metric can be written in the form
ds2 = −e2ν(r)dt2+e2λ(r)dr2+r2
(
dθ2 + sin2 θdφ2
)
−2εω(r) sin2 θdtdφ.(1)
The star is assumed to be composed by a perfect fluid, whose energy momentum
tensor is
Tµν = (p+ ρ)uµuν + pgµν , (2)
with pressure p, energy density ρ and four-velocity components uµ = [e−ν , 0, 0,Ωe−ν].
The metric functions ν(r), λ(r) are found by solving the equations of hydrostatic
equilibrium [20]. We use as a background the models of evolving proto-neutron stars
developed in [2, 3], and study the non–radial, adiabatic perturbations of these models
for selected values of the evolution time; we start from t = 0.5 s after the formation
of the proto-neutron star, when the quasi–stationary description becomes appropriate
to represent the stellar evolution.
The complete set of equations for the perturbations has been derived using the
so–called BCL gauge [21] by Ruoff, Stavridis & Kokkotas [22]. The Cowling limit of
these equations, which neglects the contribution of the gravitational perturbations,
was studied in [23] for polytropic relativistic equations of state. In [4] we have used
the Cowling approximation and, since we are interested in the evolution of the g-
and f-modes, that have polar parity, we have neglected the coupling with axial parity
perturbations. The results we show refer to the components with harmonic indices
l = m = 2, which are the most relevant for gravitational wave emission.
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3. Results
In order to find the frequencies of the quasi–normal modes, we have numerically
integrated the perturbed equations both in the time and in the frequency domain
for different values of the evolution time tev, and for selected values of the rotation
parameter ǫ. The rotation rate has been chosen to vary within 0 ≤ ǫ ≤ 0.4 because
from preliminary calculations we find that for the models under consideration the mass
shedding limit does not exceed ε = 0.4. The results refer to the evolutionary model
labelled as model A in [1]. We consider the first minute of life of the proto-neutron
star, from tev = 0.5 s to tev = 40 s, during which the star significantly cools down and
contracts, and processes related to neutrino diffusion and thermalization dominate
the stellar evolution. The gravitational mass of the star, which is M = 1.56 M⊙ at
tev = 0.2 s, due to neutrino emission becomes M = 1.46 M⊙ at tev = 40 s. The radius
of the initial configuration is R = 23.7 km and reduces to R = 12.8 km at tev = 40 s.
The main results of our work are summarized in figures 1 and 2, where we plot
the frequencies of the f-, g1- and g2- modes as a function of the rotation parameter
ε = Ω/ΩK , for different values of the evolution time in the more interesting phases
of the cooling process. We see that as the time elapsed from the birth of the PNS
grows, the f–mode frequency increases and tends to that of the cold neutron star
which forms at the end of the evolutionary process. Conversely, the frequency of
the g–modes initially decreases, reaches a minimum for tev ≃ 12 s, and subsequently
smoothly increases. This behaviour is justified by the fact that the g-modes are
associated to entropy and composition gradients, and whereas during the first 10-12
seconds the dynamical evolution of the star is dominated by strong entropy gradients
that progressively smooth out, after ∼ 12 s the entropy becomes nearly constant
throughout the star and g-modes due to composition gradients take over.
The onset of the CFS instability is signaled by the vanishing of the mode frequency
for some value of the angular velocity (neutral point). From figures 1 and 2 we see
that while the f–mode does not become unstable during the first minute of the PNS
life, both the g1- and the g2- modes do become unstable. The g1- frequency remains
positive during the first second, but at later times it vanishes for very low values of
ε. For instance, at tev = 3 s it crosses the zero axis for Ω = 0.17 ΩK , even though
its value for the corresponding nonrotating star is still quite high, νg1 = 486 Hz. The
behaviour of the g2- mode is similar, but being the frequency lower the instability sets
in at lower rotation rates.
It should be mentioned that in [1] we studied also a second model of evolving
proto-neutron star, labelled as model B. The main difference between the two models
is that model A has an equation of state softer than model B, and that at some point
of the evolution a quark core forms in the interior of model B. We have integrated the
perturbed equations also for model B, finding results entirely similar to those of model
A; this indicates that the quark core that develops at some point of the evolution does
not affect the overall properties of the modes in a relevant way.
A mode instability is physically significant if its growth time is sufficiently small
with respect to the timescales typical of the stellar dynamics; in this case the instability
has sufficient time to grow before other processes damp it out or the structure of the
evolving star changes. In [4] we give an “order of magnitude” estimate of the growth
time of the g–modes as follows: we compute the energy E associated with a given
mode in Newtonian approximation as in [18, 6], and the gravitational luminosity dE
dt
using a multipole expansion as in [24]. The growth time associated to gravitational
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radiation reaction then is
1
τgr
= −
1
2E
dE
dt
. (3)
Since we are working in the Cowling approximation, we neglect the perturbation of
the Newtonian potential. Furthermore, we neglect the contribution due to current
multipoles, because they correspond to axial parity perturbations.
The growth times of the unstable g1- modes shown in figure 2 are summarized
in Table 1. The growth time appears to be orders of magnitude larger than the
evolutionary timescale, which is of the order of tens of seconds. Although the estimate
based on Newtonian expressions is a quite crude one, the growth time is so much
larger than the evolutionary timescale that it is reasonable to conclude that the CFS
instability of the lowest g–mode is unlikely to play a relevant role in the early evolution
of proto-neutron stars. Similar conclusions can be drawn for the fundamental mode
and for higher order g-modes.
4. Aknowledgements
We would like to thank G. Miniutti for suggesting that the g–modes of newly born
PNSs may be subjected to the CFS instability.
This work has been supported by the EU Program ’Improving the Human
Research Potential and the Socio-Economic Knowledge Base’ ( Research Training
Network Contract HPRN-CT-2000-00137 ).
References
[1] Ferrari V., Miniutti G., Pons J.A.,2003, MNRAS, 342,629
[2] Pons J.A., Reddy S., Prakash M., Lattimer J.M., Miralles J.A., 1999, ApJ, 513, 780
[3] Pons J.A., Steiner A.W., Prakash M., Lattimer J.M., 2001, Phys. Rev. Lett., 86, 5223
[4] V. Ferrari, L. Gualtieri, J.A. Pons, A. Stavridis, 2003, MNRAS, 338, 389
[5] Chandrasekhar S.,1970, Phys. Rev. Lett., 24, 611
[6] Friedman J.L., Schutz B.F.,1978a, ApJ, 221, 937
[7] Friedman J.L., Schutz B.F.,1978b, ApJ, 222, 281
[8] Bardeen, J.M., Friedman, J.L., Schutz, B.F. and Sorkin, R., 1977, ApJ, 217, L49
[9] Comins, N. 1979a, MNRAS, 189, 233
[10] Comins, N. 1979b, MNRAS, 189, 255
[11] Clement, M.J. 1978, ApJ, 222, 967
[12] Clement M.J. 1979, ApJ, 230, 230
[13] Cutler, C., Lindblom, L. 1992, ApJ, 385, 630
[14] Yoshida, S., Eriguchi Y., 1997, ApJ, 490, 779
[15] Yoshida, S., Eriguchi Y.,1999, ApJ, 515, 414
[16] Yoshida, S., Rezolla, L. 2002, ApJ, 578, L41
[17] Andersson N.,1998, ApJ, 502, 708
[18] Lai D., 1999, MNRAS, 307,1001
[19] Fryer C., Woosley S., Nature, 31, 2001
[20] Hartle J.B.,1976, ApJ, 150, 1005
[21] Battiston L., Cazzola P., Lucaroni L., 1972, Nuovo Cimento B, 3, 275
[22] Ruoff J., Stavridis A., Kokkotas K.D.,2002, MNRAS, 332, 676
[23] Ruoff J., Stavridis A., Kokkotas K.D.,2002, MNRAS, 339, 1170
[24] Lindblom L., Owen B. J., Morsink S. M., 1998, Phys. Rev. Lett., 80, 4843
Gravitational Waves from Rotating Proto-Neutron Stars 5
Table 1. Growth times for unstable g1 mode of Model A for tev = 3 s, 12 s, 40 s
ε ν (Hz) τgr (s)
0.1 200 . . .
0.2 -90 -1.5 109
0.3 -683 -2 106
0.4 -789 -2.2 104
ε ν (Hz) τgr (s)
0.1 -160 -4.6 107
0.2 -475 -1.7 106
0.3 -760 -3.4 105
0.4 -1020 -2.7 105
ε ν (Hz) τgr (s)
0.1 -70 -3.7 1010
0.2 -430 -1.3 109
0.3 -900 -3.6 106
0.4 -1250 -1.3 105
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Figure 1. The frequency of the fundamental mode of a newly born PNS is
plotted as a function of the rotational parameter ε = Ω/ΩK , for assigned values
of the time elapsed from the stellar birth. As the time grows, the frequency
increases and tends to that of the cold neutron star which forms at the end of
the evolutionary process. The onset of the CFS instability occurs when the mode
frequency becomes zero, and we see that the f–mode would become unstable only
for extremely high values of the rotational parameter, as it is for cold stars.
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Figure 2. The frequency of the g1- and g2- modes of a newly born PNS are
plotted, as in figure 1, for the same stellar models. Unlike the f–mode, as the
time grows the frequency of the g–modes decreases, reaches a minimum at about
tev = 12 and then slightly increases (see text). For both modes the CFS instability
sets in at values of the rotational parameter much lower than that needed for the
f–mode.
